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After electrons tunnel out of a laser-Coulomb-formed barrier, the movement of the tunneling
electron can be affected by the Coulomb tail. We show that this Coulomb effect induces a large
time difference (longer than a hundred attoseconds) between the exiting time at which the electron
exits the barrier and the ionization time at which the electron is free. This large time difference
has important influences on strong-field processes such as above-threshold ionization and high-
harmonic generation, with remarkably changing time-frequency properties of electron trajectories.
Some semi-quantitative evaluations on these influences are addressed, which provide new insight
into strong-field physics and give important suggestions on attosecond measurements.
Introduction.—As exposed to strong laser fields, the
Coulomb potential of an atom is bent by the external field
with forming a barrier out of which the valence electron
of the atom can tunnel [1, 2]. Thereafter, the tunneling
electron can be considered as a classical particle, which
is moving in the external field and can be driven back to
and recollide with the parent ion. These considerations
are the cores of the classical two-step model (CM) [3, 4],
which is successful in describing many strong-field pro-
cesses related to the tunneling electron, such as above-
threshold ionization (ATI) [5–7], high-harmonic genera-
tion (HHG) [8–11], and non-sequential double ionization
(NSDI) [12–14], etc..
Based on the CM, or strong-field approximation (SFA)
which can be considered as the quantum version of CM,
it is well established that there are long and short elec-
tron trajectories contributing to ATI [7, 15], and simi-
lar situations also go for HHG [11]. The long and short
trajectories are well resolved in the temporal domain.
Specifically, for ATI, the long (short) electron trajectory
has an ionization time located in the falling (rising) part
of the laser field in one laser cycle. In particular, the long
trajectory is also associated with a rescattering process.
For HHG, both long and short electron trajectories are
related to rescattering and have ionization times located
in the falling part of the laser field. In comparison with
the short one, the long trajectory has a earlier ionization
time and a later return time.
Both the CM and the SFA which neglect the Coulomb
effect are often used as benchmarks to deduce the elec-
tron attosecond dynamics [16, 17]. On the other hand, a
great deal of studies have shown that the Coulomb po-
tential has important influences on strong-field dynam-
ics of the tunneling electron [18, 19]. For example, the
Coulomb potential will remarkably affect the ATI pho-
toelectron energy spectrum [20], momentum [21] and an-
gular [22] distributions, etc.. Nevertheless, the influences
of Coulomb potential on time-resolved strong-field elec-
tron dynamics have been unclear [23]. Especially, quanti-
tative even semi-quantitative evaluations on these influ-
ences have been absent. These evaluations are necessary
for more precise attosecond measurements and controls
of the electrons in atoms, molecules, and solids. They are
also important for establishing a full Coulomb-modified
physical picture of strong-field electron dynamics.
Here, we make efforts to clarify the Coulomb effect on
time-trajectory-resolved electron dynamics for ATI and
HHG. We begin our discussions with ATI in an orthog-
onally polarized two-color (OTC) field, which allows one
to resolve the contributions of long and short electron
trajectories directly from the photoelectron momentum
distributions. We show that the Coulomb potential in-
duces a time difference of the tunneling electron between
the moments of exiting the barrier and being free. This
time difference (longer than a hundred attoseconds) is
well mapped in the momentum distributions, resulting
in a remarkable increase of contributions of long tra-
jectory (more than 20%) to ATI. Then we extend our
discussions to HHG. We show that the exiting times of
Coulomb-modulated HHG trajectories are earlier (about
25 attoseconds) than expected, leading to a marked in-
crease of contributions of short trajectory (about one or-
der of magnitude) to HHG.
Numerical and analytical methods.— We assume that
the fundamental field is along the x axis and the addi-
tional second-harmonic field is along the y axis. The
Hamiltonian of the model He atom studied here has
the form of H(t) = H0 + r · E(t) (in atomic units of
~ = e = me = 1). Here, the termH0 = p
2/2+V (r) is the
field-free Hamiltonian, and V (r) = −Ze−ρr
2
/
√
r2 + ξ
with r2 = x2 + y2 is the Coulomb potential. ρ is the
screening parameter with ρ = 0 for the long-range poten-
tial and ρ = 0.5 for the short-range one. ξ = 0.5 is the
smoothing parameter, and Z is the effective charge which
is adjusted in such a manner that the ionization poten-
tial of the model system reproduced here is Ip = 0.9 a.u..
The term E(t) is the electric field of OTC which has the
form of [24, 25] E(t) = ~exEx(t) + ~eyEy(t) with Ex(t) =
f(t)E0 sin (ω0t) and Ey(t) = Ef(t)E0 sin (2ω0t+ φ). ~ex
(~ey) is the unit vector along the x (y) axis. φ is the
2Figure 1: Photoelectron momentum distributions of He, ob-
tained with TDSE simulations of long-range (a) and short-
range (b) potentials, with analytical simulations of MSFA
that considers the effect of a long-range potential (c) and SFA
where the Coulomb effect is omitted (d). The prediction of
CM (the white line) is also plotted in (a).
relative phase between these two colors. E0 is the max-
imal laser amplitude relating to the peak intensity I of
the fundamental field Ex(t). E is the ratio of the maxi-
mal laser amplitude for the second-harmonic field Ey(t)
to E0. ω0 is the laser frequency of Ex(t) and f(t) is
the envelope function. We use trapezoidally shaped laser
pulses with a total duration of 20 optical cycles and lin-
ear ramps of three optical cycles. The details for solving
TDSE of iΨ˙(t) =H(t)Ψ(t) with spectral method [26] and
obtaining the photoelectron momentum distribution can
be found in [27]. Unless mentioned elsewhere, the laser
parameters used are I = 5×1014W/cm2, ω0 = 0.057 a.u.,
φ = π/2 and E = 0.5.
To analytically study the Coulomb effect on time-
resolved dynamics of ATI, we first calculate ATI elec-
tron trajectories, characterized by the complex ioniza-
tion time ts = t0 + itx, the drift momentum p and
the tunneling amplitude F (p, ts) ≡ F (p, t0) ∼ e
b, with
SFA [7, 15]. Here, b is the imaginary part of the qua-
siclassical action at relevant trajectories and only mi-
nus values of b are considered. Then as in [18, 22], we
solve the Newton equation r¨(p, t) = −E(t) + ∇rV (r)
for each SFA electron trajectory, with initial conditions
[28] r˙(p, t0) = p + A(t0) (the exiting momentum) and
r(p, t0) = Re(
∫ t0
ts
[p + A(t′)]dt′) (the exiting position).
Here, the real part t0 of ts is considered as the exit-
ing time, and A(t) is the vector potential of E(t). In
our simulations, trajectories with |r(p, t)| ≤ 4 a.u. at
t > t0 are also absorbed. The final Coulomb-modulated
drift momentum is obtained with pf = r˙(p, t → ∞),
which is relating to the amplitude F (p, t0). Similarly,
with finding the return time tr which satisfies the relation
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Figure 2: The prediction of CM for the drift momenta of
px(t) = −Ax(t) and py(t) = −Ay(t) (a), the comparison
of time-dependent ionization yields calculated with TDSE,
MSFA and SFA (b), the ionization velocity predicted by
MSFA for all values of py and only for py < 0 (c), the distri-
bution as functions of the exiting time t0 and the ionization
time ti predicted by MSFA (d), in one laser cycle of 2pi/ω0.
For comparison, MSFA and SFA curves in Fig. 2(b) are mul-
tiplied by a vertical scaling factor to match the TDSE one.
The log10 scale is used in the distribution in (d).
r(p, tr) = 0 with tr > t0, we also obtain the Coulomb-
modulated HHG electron trajectories, characterized by
the exiting time t0, the return time tr, the return energy
Ep = [r˙(p, tr)]
2/2, and the amplitude (1/τ)1.5F (p, t0)
with τ = tr − t0. This factor (1/τ)
1.5 stands for quan-
tum diffusion effects [11]. Below, we will call the above
Coulomb-modulated SFA the MSFA. Note, according to
the SFA, the exiting time t0 agrees with the ionization
time ti at which the value of Ea(ti) becomes larger than
zero. Here, the term Ea(t) = [r˙(p, t)]
2/2+V (r) is the to-
tal instantaneous energy of the tunneling electron. How-
ever, as we will show in the following, the MSFA which
considers the Coulomb effect predicts a time difference
td = ti − t0 with td > 0. This difference influences re-
markably on dynamics of the laser-driven system.
Cases of ATI.— The calculated TDSE photoelectron
momentum distributions for He with long-range and
short-range potentials are presented in Figs. 1(a) and
1(b). The long-range TDSE results in Fig. 1(a) show a
butterfly-like structure with a remarkable up-down asym-
metry with respective to the axis of py = 0. The distri-
bution in Fig. 1(a) has larger amplitudes for py < 0.
By contrast, this up-down asymmetry remarkably de-
creases for the short-range results in Fig. 1(b). Fur-
ther simulations with SFA, related to a delta potential,
give an up-down symmetric distribution, as shown in Fig.
1(d). Simulations with the MSFA indeed reproduce the
remarkable up-down asymmetry, as shown in Fig. 1(c),
implying that this asymmetry arises from the Coulomb
3effect. The symmetry degree, which is defined as the ratio
of the total amplitudes with py > 0 to those of py < 0, is
about 0.55 in Fig. 1(a) and 0.62 in Fig. 1(c). The TDSE
and MSFA results are near to each other. This degree
is near the unity in Fig. 1(b) of short-range potentials.
For comparison, the prediction of the CM for px versus
py is also plotted in Fig. 1(a), which shows an up-down
symmetric structure, similar to the SFA one. We men-
tion that we have performed simulations at various laser
parameters. On the whole, this TDSE symmetry degree
is smaller for lower laser intensities or shorter laser wave-
lengthes, in agreement with MSFA predictions.
A sketch of the CM prediction of drift momenta
px(t) = −Ax(t) and py(t) = −Ay(t) for one laser cycle of
the fundamental field is presented in Fig. 2(a). It clearly
shows that with the steering of the second-harmonic field
of OTC [24, 25], the contributions of the long (short)
trajectory related to the fundamental field are mapped
in the third (III) and the fourth (IV) quadrants with
py < 0 (the first (I) and the second (II) quadrants with
py > 0), providing a manner for resolving the contribu-
tions of long versus short electron trajectories directly
from photoelectron momentum distributions.
To understand how the Coulomb effect influences the
ATI, we further calculate the time-dependent ionization
yields obtained by different methods. The TDSE ones
are obtained with evaluating I(t) = 1−
∑
m |〈m|Ψ(t)〉|
2.
Here, |m〉 is the bound eigenstate of H0 obtained through
imaginary-time propagation. The model ones are ob-
tained with calculating I(t) =
∑
p,t |F (p, t0)|
2 at Ea(t) >
0. Relevant results are presented in Fig. 2(b). The SFA
results in Fig. 2(b) clearly show a remarkable increase
just around the time of t = 5.25T or t = 5.75T with
T = 2π/ω0, at which the fundamental field arrives at its
peak. The TDSE results, however, show a remarkable in-
crease around a time later than t = 5.25T or t = 5.75T .
This time-delay phenomenon is reproduced by the MSFA.
The MSFA predictions of the ionization velocity (the
time difference of the ionization yield) are presented in
Fig. 2(c) with considering all contributions and contri-
butions only related to py < 0. Here, the curve of py < 0
shows large amplitudes at times earlier than t = 5.25T
or t = 5.75T , implying that electrons born at the rising
part of the fundamental field also contribute remarkably
to py < 0, different from the predictions of SFA and CM.
Further analyses tell that the long trajectory relating to
a rescattering process still dominates the contributions
to py < 0, and the short one associated with direct ion-
ization dominates the cases of py > 0. The ratio of short-
trajectory contributions to long ones is about 0.62, which
agrees with the MSFA symmetry degree, indicating that
the Coulomb effect induces a remarkable increase of long-
trajectory contributions (more than 20% relative to the
SFA predictions) to ATI. Previous TDSE studies with a
suitably chosen momentum-space analysis have also in-
dicated this remarkable increase [29]. Here, with MSFA,
the time-resolved mechanism can be accessed.
In Fig. 2(d), we further present the distributions
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Figure 3: Comparisons for time evolution of displacements
(a,d), momenta (b,e) and energy (c,f) of two typical electron
trajectories predicted by MSFA and SFA. Results in the left
(right) column correspond to the MSFA electron trajectory
with (without) changing the directions of its initial drift mo-
menta under the influence of the Coulomb potential. The
insets in (c) and (f) show the enlarged results around the
time origins of the trajectories in (c) and (f).
F (p, t0) ≡ F (ti, t0). Here ti is the MSFA prediction of
the ionization time related to the trajectory (p, t0). One
can observe that the distributions deviate upward from
the diagonal line, and this upward deviation is more re-
markable for the time t0 later than 5.25T or 5.75T . The
results clearly show the Coulomb induced large time lag
(longer than 100 attoseconds on average) for the exiting
time t0 and the ionization time ti.
Next, we perform analyses on how the Coulomb effect
influences the electron trajectory. In Fig. 3, we show two
typical time-dependent MSFA electron trajectories with
comparing with the SFA ones. The SFA ones are ob-
tained with assuming V (r) ≡ 0 in the MSFA treatments.
We focus on the displacement of r(p, t), drift momentum
of r˙(p, t) − A(t) and instantaneous energy of Ea(t) for
the electron trajectory. Results in the left column show
a SFA trajectory in the second quadrant with px < 0 and
py > 0. This trajectory corresponds to a short trajectory
related to the fundamental field. With considering the
Coulomb effect, the MSFA predicts that this trajectory
will shift to the fourth quadrant with px > 0 and py < 0.
The shifted trajectory corresponds to a long trajectory of
the fundamental field, which is relating to a rescattering
process, as the displacement and the drift momentum of
the shifted trajectory in Figs. 3(a) and 3(b) show. Ac-
cording to the SFA, the energy of the trajectory is larger
than zero just at the exiting time t0 (i.e., the time ori-
gin of the trajectory). By comparison, there is an obvi-
ous time difference for the MSFA ionization time ti, at
which the energy of the trajectory becomes larger than
zero, and the exiting time t0, as the inset in Fig. 3(c)
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Figure 4: Comparisons of HHG long (L) and short (S) electron
trajectories of He born at half a laser cycle, obtained with
MSFA, SFA, and MCM, for the exiting time t0 (a) and the
return time tr (b) versus the return energy Ep scaled with
Up = E
2
0/(4ω
2
0), and the return time tr versus the harmonic
amplitude (d). Results in (c) show time-frequency analyses
of TDSE simulations where short-trajectory contributions are
only considered [32]. The vertical-solid line in (a) indicates
the peak time of 5.25T . Those in (b) and (d) indicate the
HHG cutoff positions, which divide the trajectories into long-
trajectory (right branches) and short-trajectory (left) parts.
shows. Results in the right column show the case of one
electron trajectory for which the Coulomb effect is not
remarkable. Here, the MSFA and SFA predictions are
similar for time evolution of this electron trajectory. The
Coulomb effect does not change the direction of the drift
momentum, but modifies the values of displacement, mo-
mentum and energy for this trajectory. One can observe
from the inset in Fig. 3(f), the MSFA ionization time is
also somewhat later than the SFA one.
Cases of HHG.— In the above discussions, we have
shown that the Coulomb effect will remarkably influence
ATI electron trajectories. Due to that the ionization is
the first step of many strong-field processes, one can ex-
pect that the Coulomb effect will also affect the dynamics
of relevant processes. As a case, in the following, we show
that how the Coulomb effect influences the HHG.
In Fig. 4, we show the comparisons of HHG elec-
tron trajectories of He in a single-color field (the fun-
damental ω0 field), obtained with SFA, MSFA and the
modified classical model (MCM) that considers the ex-
iting position [30]. The time-frequency analysis [31] of
TDSE dipole acceleration of He with short-trajectory
simulations [32] is also shown here. First, one can ob-
serve from Fig. 4(a), the exiting times of HHG electron
trajectory predicted by these models differ remarkably
from each other. One of the remarkable differences is
that the MSFA predicts some trajectories which begin at
times somewhat earlier than 5.25T , while the predictions
of SFA and MCM for the exiting time are always later
than 5.25T , corresponding to the falling part of the field.
Moreover, in most of energy region, the MSFA predic-
tions of the exiting time are earlier (about 25 attosec-
onds) than the SFA ones. By comparison, the return
times predicted by the models are nearer to each other
in most of energy region, especially for high energy, as
seen in Fig. 4(b).
Remarkable differences are also observed for the HHG
amplitudes predicted by MSFA and SFA, as seen in Fig.
4(d). Here, the SFA amplitude is evaluated with the
HHG saddle-point expression as in [33]. When the pre-
dictions of SFA and MSFA are similar for long trajecto-
ries (right branches), they differ remarkably for short tra-
jectories (left). The short-trajectory MSFA amplitudes
are one order of magnitude higher than the SFA ones for
lower energy (such as Ep = Up, indicated by the vertical-
dotted line). The MSFA short-trajectory results in Fig.
4(d) are nearer to the TDSE ones in Fig. 4(c), with show-
ing comparable amplitudes for lower and higher energy.
Our extended simulations show that these remarkable
amplitude differences for MSFA and SFA hold for rel-
atively low laser intensities and short laser wavelengthes.
As seen in Fig. 4(a), the HHG exiting times predicted
by MSFA are nearer to the peak time of the laser field
at which the tunneling amplitudes are larger. This ef-
fect is mainly responsible for increased short-trajectory
amplitudes of MSFA, in comparison with SFA.
In summary, we have studied the influence of Coulomb
potential on temporal aspects of ATI and HHG. We have
shown that the Coulomb effect gives rise to a large time
lag (longer than 100 attoseconds) between the exiting
time and the ionization time for ATI electron trajecto-
ries. This time lag increases the contributions of long
trajectory to ATI. Accordingly, it also shifts the HHG ex-
iting time towards the peak time of the laser field, result-
ing in a remarkable increase of short-trajectory contribu-
tions to HHG. As the predictions of SFA or CM without
considering the large time lag, are often used as refer-
ences to distill attosecond-resolved time information from
photoelectron momentum distributions or HHG spec-
tra measured in experiments, our work gives suggestions
on relevant studies. In addition, our work also opens
a new perspective for understanding tunneling-triggered
strong-field processes where the large time lag is expected
to play a nontrivial role.
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